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Abstract — Selective withdrawal through a line sink of both non-rotating and rotating stratified fluid in a reservoir of finite depth is studied under an
assumption that viscosity and diffusivity of the fluid are negligible. This flow is characterized by the two parameters: the Froudgnamibene

ratio of the inertial frequency to the buoyancy frequency. Following the initiation of discharge from the sink, internal (or inertial) gravity wave
modes propagate upstream. We first consider the caBe-6f0 to get linearized governing equations and seek a linear asymptotic solution forarge
(wherer* is time after starting the discharge) which is uniformly valid in space. The obtained solution shows the propagation of the individual modes
clearly and it is found that the amplitude of the modal front is kept constant with/fireéhen f = 0, whereas it decreases ds /3 when f > 0.

Next, numerical calculation is conducted to study the casé of0. Specifically, the validity of both our linear solution and the theory suggested by
Clarke and Imberger in describing the mode propagationffor O is explored. Investigations are also made of the flow patterns constructed by the
passage of these modes. It is then found that the withdrawal-layer thickness shows strong time dependence whose perigd i§lab00t Editions
scientifiqgues et médicales Elsevier SAS

selective withdrawal / line sink / columnar mode/ stratified fluid / rotating stratified fluid

1. Introduction

When a stratified fluid is withdrawn from a sink, it is known that the withdrawn fluid comes from only a
narrow horizontal layer adjacent to the sink level. This phenomenon, called selective withdrawal, has a wide
application in both engineering and agricultural fields. Specifically, power plants draw their cooling water
from a reservoir or sea stratified in temperature and therefore in density. In agricultural aspect, warmer water
is needed in order to irrigate paddy fields and water of lowest salinity is desired if the withdrawal is done
in an estuary stratified in salinity. The problem of selective withdrawal is also important as a water quality
management technique in reservoirs [1]. In addition to these various practical applications, there is an interest
in the nature of internal wave propagation in establishing the selective withdrawal. Therefore this problem has
attracted many researchers [1-20]. To study this phenomenon, the line sink flow of a linearly stratified fluid in
a reservoir of finite depth is the most frequently used model [1-18], since it gives fundamental understanding
of this phenomenon and also it is easy to analyze.

It was Yih [2] who first studied this problem. He obtained the steady-state theoretical solution of selective
withdrawal through a line sink of an inviscid, non-diffusive, non-rotating stratified fluid whose geometry is
shown infigure 1(with f = 0). This flow is characterized by the Froude number defined by

F = Q/Nd?, (1)
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Figure 1. Geometry of the flow field.

where 2, N, andd are the volumetric discharge per unit length of the line sink, the constant buoyancy
frequency, and the depth of a reservoir, respectively. His solution shows the uniform withdrawal of fluid from
all depths whenF > 1/z. His solution, however, breaks down whéh< 1/x, due to inadequacy of the
uniform flow boundary condition far upstream, which means that the selective withdrawal occhrs:fbfr .

This fact was confirmed by experiments conducted later by Debler [3]. To supplement Yih’s solution of the
regimeF < 1/, Kao [5,7] introduced the so-called free streamline theory and obtained a steady-state solution
of the line sink flow when the selective withdrawal occurs.

To understand the process of establishing the selective withdrawal, this flow must be treated as time-
dependent problem starting from a quiescent state. It was Pao and Kao [9] who first clarified the evolution
of selective withdrawal. They showed by linearized theory (which corresponds to an assumptibn-tha}
that internal waves of both frequency and horizontal wavenumber zero are continuously generated near the sink
by keeping a constant volumetric discharge. These waves form an infinite set of modes whose vertical structures
are expressed by the trigonometric function satisfying both the upper and the lower boundary conditions, and
propagate horizontally upstream at the linear long wave sp€ddnsr, wheren is the modal number. The
passage of these modes then leads to the flow where the horizontal velocity profile at any vertical section has
the same profile as that in the vicinity of the sink. Thus, the selective withdrawal is established. These modes
are called columnar disturbance modes, or more briefly, columnar modes or shear fronts whose behavior is one
of our main interests in the present study.

To grasp qualitative feature of the linear columnar modes, Pao and Kao [9] applied the hydrostatic
approximation to show that these modes travel upstream in the form of horizontal jet-like columns with
discontinuous change of their amplitude at the leading regions or fronts. These modes were also studied
theoretically and experimentally by McEwan and Baines [21] in connection with an entirely different problem.
They found that the fronts of columnar modes are discontinuous initially, but their widths expatid®as
wheretr* is time after starting the discharge, due to wave dispersion. The effeéts-0d on propagation of
columnar modes were also investigated by Pao and Kao [9]. They conducted numerical calculations of the flow
when F > 0 and concluded that the modes can propagate upstream only if their propagation speed is greater
than the average speed of the flow toward the sink. They suggested thah tmeode propagates upstream at
the speed

En:N—d—g:Nd(i—F). ()
nt d niw
Accordingly, the higher modes such that (7 F)~* cannot propagate upstream but are swept out of the sink.
This fact was also confirmed by the experiments simultaneously conducted by Kao et al. [10], and supported
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for more than twenty years since. In 1995, however, Clarke and Imberger [17] took into account the effect of the
modified velocity profile caused by the propagation of the lower columnar modes, and showed that any mode
does propagate upstream. They approximated the modified velocity profile by a simple function (the stagnant
upper layer and the flowing lower layer with constant shear) and found that the higher modes have the vertical
structure different from the trigonometric function so that the character of these modes is totally different from
that of the linear modes. According to their study, the higher modes such thatr F)~%/? also propagate
upstream at the speed

C,=Nd(1-38)/nn, (3)
whereds is the withdrawal-layer thickness.

When the length scale and time scale we are concerned with are relatively large, the effect of the earth’s
rotation must be taken into account (d&gire 1where f/2 is a rotating angular speed of the system). Little
attention has previously been paid to the effect of rotation [22—25] that seems to be significant in the oceans
or large lakes, etc. [1]. Mcdonald and Imberger [24] studied the line sink flow of a rotating stratified fluid in
an unbounded domain. They used the Laplace transform in time to obtain the linear solution and showed that
waves generated at the sink destructively interfere due to the low-frequency guofthat the steady-state
withdrawal-layer thickness grows with a distance from the sink. They [25] also made use of the solution in
an unbounded case to construct the solution in a reservoir of finite depth by applying the method of images to
satisfy the boundary conditions of no flow normal to the top and bottom of the reservoir. They, however, resorted
to the hydrostatic approximation to simplify the solution in which no waves of short horizontal wavelength are
described.

In the present paper, we study the line sink flow of both non-rotating and rotating stratified fluid in a
reservoir of finite depth under an assumption that the fluid is incompressible, inviscid, and non-diffusive. We
first investigate the behavior of the linear modés-{ 0) theoretically. We use the stationary phase method
to obtain an asymptotic solution as— oo of these modes which is uniformly valid in space. The solution
obtained is subject to no wavelength approximation, unlike previous works, so it describes all wave components
that are present. Furthermore, and more importantly, the form of this solution represents the wave nature so
convincingly that the propagation phenomena of the individual wave components can be clearly understood.
Next, a numerical calculation is conducted to clarify the effect of nonlinearity on the mode propagation.
Specifically, the validity of both our linear asymptotic solution and the approximate theory suggested by Clarke
and Imberger [17] in describing the mode propagation wken0 is explored. We also investigate the resultant
flow patterns formed by the propagation of these modes. We are especially interested in the withdrawal-layer
thickness. The obtained results are compared with those of the previous studies.

In section 2, we shall formulate the equations of motion to show that parameters characterizing the problem
are F and f/N. In section 3, we consider the caseff- 0 to study theoretically the behavior of the linear
modes. Section 4 gives the numerical method. In section 5, numerical results are presented for flows with
F > 0, and finally, in section 6, concluding remarks are given.

2. Formulation

Consider a flow inside a horizontally infinite reservoir of finite degth—oo < x* < 00, —o0 < y* < 00,
0 < z* <d; x* — y* — z* is the Cartesian coordinate system), where a line sink is situated at the bottom along
the y* axis, the gravitational acceleratignacts in the negative* direction, and the whole system is rotating
at angular speed/2 about thez* axis (seefigure 7). The case of a non-rotating system can be treated by
putting f = 0. Initially, the fluid is quiescent and linearly stratified in thedirection so that the initial density
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distribution is given by

p(z") = po(l—kz"), 4)
wherepg is the density at* = 0 andk is a positive constant. We are interested here in the flow after starting
the discharge @ per unit length of the line sink at time& = 0. It is assumed that the fluid is incompressible,
inviscid, non-diffusive, and the flow has nd dependence. In a rotating system, the Coriolis force induces
the flow in they* direction so that sidewall, if any, must have some influence on the evolution of the flow.
According to Gill [26] and Mcdonald and Imberger [25], however, the effect of the sidewall is confined within
a distance of the Rosshy radius and further away from the sidewall the flow evolves as if no side boundaries
are present. Therefore, in the present study, we consider a simplified problem of the line sink flow with no
sidewall. The Boussinesq approximation is also applied assuming that the fluid satis#eg, which is often
the case of most practical situations. This flow is symmetric with respect to* thieis. Therefore we analyze

this problem only in the first quadrant ofx& — z* plane by imposing the free-slip condition on tffeaxis in
the fluid.

We express the time-dependent density distribufias
p(x*, 2%, 1) =p(*) + p'(x*, 2", 17), (5)

wherep’ is the density fluctuation from its initial valye. We define(u*, v*, w*) as the velocity components
in the (x*, y*, z*) directions and introduce the following dimensionless variables

u* v* w*
(uav’w)=<_a_’_>a t=Nt*a
Uo Up Up

x* Z* g ,
(va):(gv 2)7 IO:pONUOIO’ (6)
whereUg = Q/d and N = (kg)*/? are the average flow speed toward the sink and the constant buoyancy

frequency, respectively. From incompressibility of the fluid we can introduce the stream function satisfying
u =9y /dz andw = —dy/dx so that the governing dimensionless equations are expressed as

ac ~dv  dp
=4+ FJC, V) — f—=—, 7
Py + FJ(, ¥) faz o (7)
9 -0
W rrw+ 7Y —o, 8)
ot 07
ap Ay
— 4+ FJ(p,¢)=—, 9
o T (P, V) o 9
%y %y
=—- 10
¢ 0x2 + 9z2’ (10)
where

da db  da Ob
Jab)=———-——

0x 0z 0z 0x

Equation (7) is the vorticity equation derived from cross-differentiating Euler's equations of motion under
rotation in thex andz directions. Equation (9) is the condition of incompressibility. These equations (7)—(10)
are to be solved under the initial conditions

=0, 0 =0, v=0 (x>0,0<z<1) (112)

and the boundary conditions
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¥ =0 (x>0, z=0),
=-1 *x=0z=1),
=-1 &=00<z<1),

Y| <oo (x—>o00, 0<z<1).

(12)

Now it is clear that the system (7)—(12) is characterized by the two parameters: the Froude rfiraberthe
dimensionless rotating angular speg¢d= f/N. In the present study, we assuryfie< 1, as is the case in most
practical situations under the earth’s rotation.

3. Linear solution

SubstitutingF — 0 into (7)—(12), we obtain the following linearized equation in termgrajoverning the
small amplitude motion associated with the line sink flow:

9 9 w lﬁ
SVt P =0, (13)

whereV? = 82/3x2 + 3%/9z2. The initial conditions are
2 d 2
V=0 V=0 (14)

and the boundary conditions are given in (12).

We now apply the technique of separation of variables, and the solitiohthe system (12)—(14) can be
cast into the following form

Y =—z+ Yu(x,1)sinnmz. (15)

n=1
Herey, is a function ofx andt satisfying the equation

8% /0%y, 924, .
ﬁ( 8;p2 - nznZWn> + 8;p2 - n27_[2f2wn =0 (16)
with the initial conditions
U, 0) = Yooxp—nT), T (x,0) = 7)
and the boundary conditions
Y (0, 1) = o, | ¥ (00, 1)| < 00, (18)
where
2
Yo=——. (19)
nim

The second term on the right-hand side of (15) represents a contribution from the vertical modes sin
(n=1,2,...) wheren is the modal number and, represents an amplitude of théh mode. The purpose of
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the present section is to solve the system (16)—(18), to obtain an asymptotic solufiphooflarger that can
exhibit the wave nature clearly.

To obtain such a solution, an integral representation should be constructed, so we introduce the Fourier sine
transform inx and the Laplace transform inand set

Uk, s) = /Ooo exp(—st) dr /OOO W, (x, 1) Sinkx dx,

00 y+ioo |
Yn(x, 1) = iz/ sinkx dk/ Y, (k, s) exp(st) ds,
Tl Jo

y —i00

wherey is a real value that places the path of integration to the right of all singularities of the integrand in the
complexs plane. Applying these to (16) and using (17) and (18), we get, after some calculation,

wn(-xﬁt)=w01(nnxat)a (20)
where
00 i +ioo 2
I(nmx,t) = i ksinkx /V (.S 1 eXp(s.t) (21)
w2 Jo k%4 n2m2 y—ico S{s —iwo(k)} {s +iwo(k)}
and
k .
(k2 + n2m2)i2 (f=0,
a)O(k) = k2 +I’l27T2]F2 1/2 _ (22)
(Cetwme) =0
Carrying out the integration with respectstpwe obtain
I(nmx,t) = eXp(—nnfx) — I (nmx,t)+1I_(nmx,t), (23)
where
Ii(nmx,t)=1Im [/ h(k) exp{i x+ (k)t } dk (24)
and
2 2
hk) = nmd- Ok (25)
2(k2 4+ n?m2) (k2 + n2m2 f2)
X
X+ (k) = wo(k) = k;- (26)

Note that in the case of = 0, the paths of integration must be taken to the same side of real axis around a
simple polek = 0 (see equation (25)) for both, and/_. Next, we follow Lighthill [27] (see also [28]) to
seek an asymptotic solution &ffor larger but which is uniformly valid for arbitrary by the combination of
three solutions each of which is valid ferrx < ¢, nmx ~ ¢, andnzx > t, respectively. The methods of these
analyses are given separately foe= 0 and f > 0 in the followings.
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3.1. The system under no rigid rotatiofi = 0)

The stationary points of the integrand &of are given by solving

2.2
dx+ nemw X _o, 27)

Lk = = + =
0 = = W

which yields no real stationary points for the phase For the phase_, (27) gives

;\23 1/2
k=dko= :I:nn{ <—> — 1} whennmrx <t (28)
N x

and no real stationary points whemnx > .

Here we choose paths of integration passing to the left side of the simplé pol& This choice makes
I, exponentially small as — oo because the path of integration can be raised everywhere so as to give the
imaginary part ofy.¢ a positive value of ordef, whereg is a positive small constant. Biit has a contribution
from this pole whemm x > r because the path must be lowered everywhere to make the imaginary part of
positive. Only in the vicinity ofk = 0 is the path raised to go round the simple pole 0 in a clockwise sense,
so we find from the residue theorem

I_(nmx,t)=-1 fornmx >1t. (29)

Terms of exponentially small order with respect tare omitted on the right-hand side of (29) (the same rule
will be applied hereafter). Note that there is no contribution from the other pblestni, since a path of
integration can be taken such that its imaginary part*(1/x/.(0)) is smaller thamx in order to make the
error term[~ exp(—t°)] exponentially small whenis large.

Fornmx < t, on the other hand, the contribution from the simple gole 0 vanishes because the path is
raised over the rangeko < k < kg. Instead, we must estimate the integral in the vicinity of the stationary phase
pointsk = +kg. The contribution ta/_ from these stationary phase points is obtained by an application of the
method shown in [27], sec. 3.7, and it becomes

2 12 b4 !
_ i _ = —1/3-7/6
I_(nmx,t) = 2h(ko) ( Ixﬁ(ko)lt> sm{x(ko)t 4} + O(t ) fornmx <t, (30)
where
" d?x_ 3n?12k
x=(k) = a2~ (k2 + n2mw2)5/2 (31)

(see also [28], p. 272 for evaluating the error term in (30)). The const@mpearing in the error term of (30)
represents the order afin terms ofz, namely,x ~ ¢/. For arbitrary values of (< 1), the first term on the
right-hand side of (30) is @/3-%6), and the solution (30) is valid for1/2 <1 < 1.

Whennmx =¢, I_ has only one stationary poikt= 0 (see (28)), and so we gegt’'(0) = 0 from (31).
Therefore the asymptotic behavior represented by (30) is not valick as— . According to Lighthill [27],
sec. 4.11, this point is called a caustic, which is a boundary between a region with a complicated wave pattern,
due to interference between two groups of waves and a neighboring region including no waves. In [27],
sec. 4.11, the procedure to obtain the asymptotic behavior near the caustic is shown. To avoid singularity at
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Figure 2. Thenwx dependence of at7 = 100 whenf = 0. Solid line shows the result by the solution (23) with (30) & 0). Dashed line shows the
result by the solution (23) with (32).

k = 0, we first differentiate/_ with respect tonrx, and then apply his method @&/_/d(nmx). Thus, we
get, after integrating the obtained asymptotic solutiod bf/d (nwx) with respect towr x under the boundary
condition (29) asirx — o0,

I_(nmx,t) = —1+/ Ai(X)dX'{14+0(t7?3)} neamnx=t, (32)
X
where
2\ 1/3
X= <§> (nmx —1t) (33)
andA; (X) is the Airy integral defined by
1 oo exp(—(wi/6)) S3
Al-(X):—/ exp{—i(Xs+—>}ds. (34)
21 Jooexp(—(57i/6)) 3

Finally, substituting (29), (30), (32), and = 0 into (23), we get the asymptotic solution bfor larger which

is valid for arbitraryx. This profile att = 100 is presented ifigure 2 From this figure we can see that the
modal front propagates horizontally at the dimensionless linear long wave speed, Arom (32) and (33),

the front has its width of @/3) and amplitude of @1), which agrees with the results obtained by McEwan

and Baines [21]. Behind the front, two types of waves are present. First, the long wave, that is called columnar
mode, has its radian frequengy = 0 and horizontal wavenumbér= 0 with its amplitude equal to 1 (see the

first term on the right-hand side of (23)). Second, the shorter waves whasedk (= ko) are both larger than

zero, have their amplitudes of(©/3:~5/6) (see (30) and the statement following (31)).

We now compare our solution of the modal front (32) with that of McEwan and Baines [21]. They used
the steepest decent method to obtain the asymptotic behavior of the frortas. The obtained result is
represented by their solution (3.25) and its profile is shown in figgire 3(see [21]). However, there exists
a discrepancy between their result and ours. For instance, no oscillatory profile can be seen in their result (see
their figure 3. The reason for the discrepancy is caused by a problem in their analytical process: the saddle
points = s; on which an integral is evaluated is too close to a singularity poiD. It will be shown later that
our result agrees well with the numerical results in the limit> O (see section 5.1 below).
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Figure 3. The nzx dependence of at fr = 10: (a) f = 0.02; (b) f = 0.1. Broad solid lines show the results by the solution (35) with (40) and
broad dashed lines show the results by the solution (35) with (45). Thin solid lines show the results by the solution under the hydrostatic approximati
obtained by Mcdonald and Imberger [22].

3.2. The system under rigid rotatigrf > 0)
When f > 0, (23) becomes a simplified form:
I (nmx,t) =exp(—nm fx)+21_(nmx,1). (35)

The stationary points of the integrand fof are given byy’ (k) = 0, which yields the following equation

2
K*+ 3+ fAK3+3(1+ fAHK* + {1+3f2— (1—f2)2<$) }K+f2:o, (36)
where
k2
K=—s (37)

Solving (36), we obtain two positive real stationary poikts kq, k> (0 < k1 < ko) for nx <ty and no real
stationary points fonmx > ¢, where

n3r3ks(1— F2)t

- (k% +n2n2)3/2(k§ + nznzfz)l/z (38)

Iy

and
z 1/2

ks = nm §{<3+ AY2- . (39)

The contribution ta/_ from these stationary points is again obtained by an application of the method in [27],
sec. 3.7, and it becomes

I_(nmx,t) =ILi(nnx,t)+ L(nnwx,t) fornmx <ty, (40)
where

Linmx, 1) = Aky) sin{ x_(k)t + %} +0O(t'7°/?), (41)
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Lnmx, 1) = Akp) sin{ x_(ko)t — %} +O(t71377/8) (42)

and

) 1/2’ (43)

n?r?(1— f2)(k2 - kI3 + n’n? F{B+ fHY2 + )]
(k2 + n2w2)5/2(k2 + n272 f2)3/2
(see also [28], p. 272, for evaluating the error terms in (41) and (42)). (41) and (42) represent the motions of

the longer and the shorter wave components, respectively. The longer waves have their amplitatie’/éf O
while the shorter ones have that of»*~>/%). The solution (40) is valid for-1/2 < < 1.

Whennmx =ty, I_ has only one real stationary poirit,= k3 (from (36)). We then obtairy” (k3) =0
from (44) so that the solution (40) is not valid @sx — ¢, (see (43)). In this region, which is near a caustic,
the asymptotic solution of_ is obtained by a straightforward application of the method introduced in [27],
sec. 4.11, asin the caseﬁf: 0, which gives

Ak)=h(k
® ()<|x”(k)|t

x (k) =—

(44)

1/3
[ (nmwx,t) = 271h(k3)< > Ai(X)sin{x_(ka)t} x {1+ O(t™3)} nearnmx =1, (45)
X

O (ka)t
where
) 1/3
X=|——— (ntx —tyr), 46
<n3n3)(£3)(k3)t> / (46)
d3x_
XES) (k) = W

Substituting/_ = 0 (for nx > t¢), (40), and (45) into (35), we obtain the asymptotic solutior &r large
¢ which is valid for arbitraryx. The profiles ofl at fr = 10 for f = 0.02 and Ol are presented ifigure 3
From these figures (especially frdigure 3b)) we can find that theth modal front propagates horizontally
at the speed smaller thandr, or the long wave speed of theth internal wave mode. This is in accordance
with the linear dispersion relationship (22) which gives the horizontal group velocity efttheertial gravity
wave mode as

dwy n?n2k(l— f?)
dc (k2 +n2n2)3/2(k2+n2n2f2)1/2

whose maximum value with respect kds a decreasing function of. Now waves of the maximum group
velocity satisfy dwo/dk? = x” (k) = 0, which givesk = k3 (> 0) from (44). Therefore, in the system under
rigid rotation, the modal front is constructed by waves wheg@ndk (= k3) are both larger than zero. The
amplitude of this modal front decreases a&® (see (45)), unlike the case ¢f= 0 where it is Q1). However,
its width expands as"/? (see (46)), which is the same order as in the casg-f0.

Behind the front, two types of waves are present. First, the longer waves, that resemble inertial waves, have
horizontal wavenumbeét;, which is smaller than that of the froritz. Second, the shorter waves, that resemble
internal waves, have horizontal wavenumbgrwhich is larger thats. Bothk, andk, are dependent o x /¢
(see (36))k; andk, change their values frorky to zero and infinity, respectively asrx /¢ decreases. So the

(47)
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difference in value between these two wavenumbers increasesgs decreases. The amplitudes of these
waves are Qcr—%/?) and Qx/3:~%6) for the longer and the shorter waves, respectively (see the statement
following (44)).

Figure 3shows that approaches the fixed boundary value kas 0. This indicates that some disturbances
of frequency zero must be present in the vicinity of the sink. Under rigid rotation of the whole system, the
linear dispersion relationship (22) requires that inertial gravity waves must have their dimensionless radian
frequency larger tharf. Therefore not waves but evanescent disturbances are generated in response to the
force of frequency zero, or, in the present problem, the constant withdrawal. The amplitude of these evanescent
disturbances decreases exponentially widnd they cannot reach far upstream (see the first term on the right-
hand side of (35)).

Profiles of the solution under the hydrostatic approximation obtained by Mcdonald and Imberger [25] are also
presented ifigure 3 This approximation is equivalent to ignoring vertical acceleration of fluids, or neglecting
the first term on the left-hand side of (16), which corresponds to the long wave approxinkégiore 3shows
that their results agree well with our asymptotic solutions except for the following three points: (i) there exist
no shorter wave components; (ii) the amplitude is discontinuous at the front; (iii) the maximum propagation
speed is 1nx independent of .

4. Numerical method

The numerical method used to solve the system of basic equations (7)—-(12) is a spectral collocation
method [29]. Since/ + z, p, and¢ become zero at the top and bottom boundatriesO, 1, these variables
are expanded in a Fourier sine series in ftdrection. In contrasty is expanded in a Fourier cosine series,
since itsz derivative is zero at = 0, 1 under the Boussinesq approximation. In thdirection, a Chebyshev
series is used for all variables. The computational domain<isxO< co, 0 < z < 1 so that the exponential
mapping [29] is used in the direction expressed by

xj=—L|n<1_25j),

gj:cos% (j=0,1,...,J),

(48)

whereJ is the number of total collocation points in thedirection andL sets the length scale of the mapping.

Thus, the collocation points are concentrated toward the sink and the higher modes near the sink are calculated
with higher accuracy. It should be noted, however, that these collocation points are coarse far upstream because
of the stretching of the coordinate. Therefore the possible calculation time is limited by the time before the
first mode arrives at the location, where the collocation points are not distributed enough to capture its motion.
In this study, two kinds of collocation points are used depending on the valfie of, M, L) = (256 128 8)

for f =0 and(J, M, L) = (512 64,32 for f > 0 whereM is the number of total points in thedirection.
When f = 0, large M is employed, since one of our interests lies in the motion of the higher modes. When

f >0, largeJ andL are employed, since long times are required to study the effects of the slow rigid rotation

(0 < f <0.1). Calculations are conducted until the first mode arrives-at45 whereAx; =x; —x; 1 = 1.5

for the former case, and at= 160 whereAx; = 2.4 for the latter case. It may appear that; is too large to

capture the motion of the first mode. However, this modal front has slow variation with respemtdoas time
increases its width expands d$® according to McEwan and Baines [21] and the linear solution obtained in
section 3 of the present study. In fact, the authors have tested finer grids and no quantitative differences were
found in the computational results.
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Figure4. Streamlines at = 150 (f = 0): (a) F = 0.05; (b) F = 0.16.

A fourth-order Runge—Kutta method is used to timestep the equations. The elliptic equation (10) is solved
using a direct solution technique [29]. To avoid singularity at the sink, we use the following continuous function
for the boundary condition of atx =0 [11]:

B erf(az)
erf(a)

V= (49)

instead of the third condition of (12). Here erf is the error function. The condition (49) approaches that of
the sink flow as: increases. Such a distributed sink is valid wher 0, since the withdrawal-layer thickness
increases abruptly in the close vicinity of the sink where the nonlinear advective effect overcomes the buoyancy
effect (see also section 5). AB increases, this nonlinear effect becomes larger and the withdrawal-layer
thickness can increase more in response to that. Thus, the smalter be used for calculating the flow of
larger F. In the present study, we put= 15 for 002 < F < 0.1 anda = 10 for F > 0.1. We have tested
several cases with the larger valuesi@nd found no quantitative differences in the computational results over
the regionx > 3.

5. Numerical results
5.1. The system under no rigid rotatigri = 0)

In figure 4 streamlines at = 150 for F = 0.05 and 016 are presented. From these figures we can see
that the stagnant region spreads upstream at the linear long wave speed of the first/modd; {note that
(1/m — F) x 150= 40 and 24 forF = 0.05 and 0.16, respectively), as predicted by Pao and Kao [9] (hereafter
referred as PK) (see (2)). To see more clearly the behavior of the individual modes, we define the strength of
each mode by

1
u,(x,1) =2/ ucosnmzdz. (50)
0

The obtained value af; att = 150 is presented ifigure 5 Also shown is the value af; calculated from
the linear asymptotic solution (23) with (30) and (32) (note that —2I). From this figure we see that for
arbitrary F shows similar profile to that foF — 0. As F increases, however, the phase is located downstream
side, which is simply due to the effect of the average flow velocity(F) toward the sink. It is also seen that
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Figure 5. The x dependence afy at: = 150 (f = 0). Broad lines show the numerical results #r= 0.03 (solid line), 0.07 (chain line), and 0.11
(dashed line). Thin lines show the result by the linear solution (23) with (30) (solid line) and (32) (dashed line). (Notetha®!.)
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Figure 6. The x dependence af|,—; at timer = 150 whenF = 0.05 (f = 0). The solid square markedindicates the position of the middle point
between the first peak and trough [at the peak (trough) when no trough (peak) is presentitbfrtitedal strength behind its front. The solid triangles
indicate the positions of the individual modal fronts.

the absolute value of the modal strength uniformly decreasésimsreases. In fact, this trend, which could be
seen even for the higher modes, was also observed in experiments conducted by Monismith and Imberger [16].
We give the physical interpretation of this phenomenon as follows.

In close vicinity of the sink, the flow speed is so large that the nonlinear advective effect overcomes the
buoyancy effect. Therefore the withdrawal-layer thickness grows wititil the buoyancy effect becomes
predominant. Once the buoyancy effect becomes predominant, sayai,, the flow forx > x, changes
by the propagation of the internal wave modes, and the motion of these modes is influenced by the velocity
distribution (here defined ag (7)) atx = x;. That is, the horizontal velocity distribution at= x, serves as the
boundary condition om for x > x;, andu,(z) can be decomposed into its modal components, each of which
serves as a boundary condition for one mode of motion. The profilg (@ approaches that of uniform flow
asF increases because the withdrawal-layer thickness must increase more in response to the larger advective
effect relative to the buoyancy effect. Consequentlyiascreases, the amplitude of each modal component of
u,(z) decreases, and in effect, the strength of the individual modes$ar, also decreases.

The modal strength defined by (50) is not valid to see the behavior of columnar mgd2decause their
modal functions are not necessarily trigopnometric, as suggested by Clarke and Imberger [17] (hereafter referred
as ClI). Here we try to determine the frontal positions of these modes from the profindghe upper boundary
z=1(=u|,—1). Thex dependence af|._, for F =0.05 atr = 150 is presented ifigure & From this figure
we see that|,—; oscillates around zero. Our supposition is that the change in signgfindicates an arrival
of the next higher mode. To verify this idea, we mark the solid squares at the middle point between the first peak
and trough (at the peak (trough) when no trough (peak) is present)udfterchanges its sign when tracing
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Figure 7. Horizontal velocity profiles of the individual modes versuqa) F = 0.05; (b) F = 0.16. The numbers presented just below each profile
indicate the corresponding modal numbers.

downstream along the curve of,—;. These marks are numbered consecutively as shodigure § and then

we subtract the velocity profile(z) markedrn — 1 from that marked: to obtain the velocity profile of the

nth columnar mode, which is shown figure 7@) (note that a similar method was used by Silvester [13] to
obtain the vertical structure of the individual modes in his experiments). According to this figure, the number
of nodal points of the obtained velocity profile agrees with the corresponding modal number of our supposition
presented just below the individual profiles. Therefore we can say that the change ingjgn @idicates an

arrival of the next higher modes afigure 7(a) describes the velocity profile of each columnar mode correctly.

Also shown infigure 7are the corresponding profiles fér = 0.16 (figure 7(b)). From these profiles we
can see that the strength of each columnar mode decreagemazases for a given modal number. It is also
seen that the horizontal velocity of any mode is always directed toward the sink at the intake; lev@), (
unlike the case of point sink flow [20]. As for the modal structure, it is not trigonometric and agrees well with
the suggestion by Clarke and Imberger [17] in the following three points. First, the vertical length scale of
the flowing lower layer increases &sincreases. Second, this length scale is almost independent of the modal
number for the higher modes. Third, the velocity profile is simply trigonometric in the upper layer.

To examine the propagation speed of the individual modal fronts, we need to know the time dependent po-
sitions of each front. We defined these positions asctheordinate whera|,_, becomes zero (for reference,
these positions foF' = 0.05 atr = 150 are marked by the solid trianglesfigure § and plotted these positions
for a givenn as a function of everyr = 10 over 30< ¢ < 150. Then we drew a line fitting these data using the
method of least squares and the gradient of this line was defined as the dimensionless propagation speed of the
nth modal front & C,,). The obtained values df, are plotted as a function of the reciprocal of the modal num-
ber 1/n in figure 8 From this figure we see tha, is proportional to I» if n is large. The solid line shows the
prediction by Clarke and Imberger [17], or the result given by (3) with1.5F Y2 (see (51) below). The dashed
line shows the prediction by Pao and Kao [9], or the result given by (2). Both aié $60.05. For the higher
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Figure 8. The dimensionless propagation speed ofitremodal front,C;,, as a function of 1x. Solid line shows the prediction by Clarke and Imberger,
or the result given by (3) with = 1.5F /2 (F = 0.05). The dashed line shows the prediction by Pao and Kao, or the result given by £29.05).

modesn > 3, we can see a good agreement between our numerical results and the prediction by Clarke and
Imberger [17], while an agreement between the numerical results and the prediction by Pao and Kao [9] is poor.

Next, we investigate the effect of the individual modes on the withdrawal-layer thickness. Défiainipe
vertical coordinate at which the horizontal velocity has dropped to zero, we have plottégure 9the values
of  F~1/2 at thex coordinate between the first peak and trough of the individual modal strengths behind their
front (examples of these positions are shown by solid squaréguire §. In figure 9 the abscissa is and the
data used are thosemat 150. Only the data in the region> 3 were used to avoid the near-sink effect. From
this figure it is found thas F ~1/?2 asymptotes to some constant value:ascreases. This figure suggests that

§=bFY2 (h=15~16) (51)

is a good description of the steady-state dimensionless withdrawal-layer thickness.

According to the prior works, Kao [7] obtaingd= 1.74F/2? from his theoretical solution assuming that a
dividing streamline separates the stagnant upper layer and the flowing lower layer at the steady state. Debler [3]
suggested = 1.89F /2 from his experiments. Pao and Kao [9] and Kao et al. [10] both faypd = 1.83F/2
from their numerical calculations and experiments (note that they defined the withdrawal-layer thickness as
the z coordinate at whichk has dropped to /12 the value at = 0 so that their value of becomes larger
when our definition is applied). If we quantitatively compare these results with our numerical result (51), it
is found that the results of all previous studies overestimate the withdrawal-layer thickness. The reasons are
considered to be the followings. Kao’s steady-state solutions, indeed, permit other solutions with the thinner
flowing lower layer [7]. Therefore the withdrawal-layer thickness may take the smaller value than suggested
by him. The numerical calculations by Pao and Kao [9] were conducted using the first-order upwind finite
difference scheme with only 20 grids in thelirection so that the effect of artificial viscosity is not negligible.
Debler [3] and Kao et al. [10] conducted their experiments setting parameters such that the flow is subject to
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Figure 9. The dimensionless withdrawal-layer thickness—1/2 at the positionx between the first peak and trough [at the peak (trough) when no
trough (peak) is present] of theth modal strength behind its front &n < 8).

little viscous effect. But real fluid possesses some viscosity and we shall see that such a viscosity, however
small, has considerable effect on the propagation of the higher modes.

According to Clarke and Imberger [17] and Monismith and Imberger [16], a columnar mode of dimensionless
vertical wavelength. will be damped by viscosity in a distanag = v/GrC,A?/4n? whereGr = N2d*/v? is
the Grashof number andis the dynamic viscosity. When the mode possesses its vertical structure as shown in
figure 7, Clarke and Imberger [17] argued thats given by the vertical wavelength of the mode in the upper
layer. If, as an example, we calculate the value ofor moden = 4 in the case of large Grashof numbef 10
(which corresponds to the maximum Grashof number conducted in the experiments by Kao et al. [10]), we
obtainx, = 6.8, 2.7, and 1.5 for = 0.05, 0.11, and 016, respectively. These results indicate that the higher
modes are significantly damped even by small viscosity, which is the reason why the withdrawal-layer thickness
became larger in their experiments.

Consideration of such a viscous effect also leads us to get the possible reason why Pao and Kao [9], in their
numerical studies, wrongly concluded that the number of modes which propagate upstream in an inviscid fluid,
decreases ak increases simply by the advective effect. As noted above, the numerical calculations by Pao and
Kao cannot ignore the effect of artificial viscosity, andvgdoecomes smaller a5 increases, since the vertical
structure of the higher modes is modified such thand C, become smaller ag increases for a given.

Thus, in their numerical results, the number of modes arriving at any given location decre&sexBesases,
which they have misunderstood as caused by the advective effect.

5.2. The system under rigid rotatigrf > 0)

In figure 1Q streamlines over the regionx < 7 at ft =10 are presented for various sets of parameters
(f, F). Itis found that the withdrawal layer grows in thickness and the flow asymptotes to a uniform flow
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Figure 10. Streamlines atf: = 10 near the sink (G< x < 7). The parametersf, F) are: (a)(0.02 0.02); (b) (0.05,0.02); (c) (0.1,0.02);
(d) (0.02,0.11); (e) (0.05,0.11); (f) (0.1,0.11).

asx increases, unlike the case ¢f= 0. This fact is attributed to the requirement by the linear dispersion
relationship that modes of frequency zero are not waves but evanescent disturbances so that their amplitude
decreases exponentially withand they cannot reach far upstream (see the first term on the right-hand side

of (35)). Thus, the permanent change to the velocity profile virtually disappears=hyr /)1, i.e. a distance

from the sink of the Rossby radius of the first mode, and so the vertical structure of modes must be trigonometric
atx > ( f)~L. Therefore the strength of each mode defined by (50) is expected to be valid to see the behavior
of the individual modes at >> (7 f)~ L.

The obtained values of, andu, at ft = 10 are presented ifigure 11 Also shown are the corresponding
plots ofu; andu, calculated from the linear solution (35) with (40) and (45) (note ihat —2I). From this
figure we see that botln, andu, for arbitrary F show similar profiles to those of the linear theofy £ 0) in
the regionx > (7 /). According to the linear theory, the front of théh mode propagates upstream at the
speed

_Ch

nmw

Cy

F, (52)

whereC(f)/nn is the maximum horizontal group velocity of theh mode obtained by substitutirig= k3

(see (39) for the specific form d&) into (47). For example, we obtaifi(0.02) = 0.97 andC(0.1) = 0.84.

In figure 11 the positions of each modal front predicted by (52) are marked by the arrows and we can see
a good agreement with the frontal positions of the corresponding numerical results. In fact, the authors have
checked the other modes and found that this agreement is also realized for any mode whose front is located
atx > (7 f)~1. Consequently we can say that any mode in the regign (= f)~* can be well described by

the linear theory if we incorporate the following two effectsfof- 0: the slower propagation speed due to the
average flow velocity=£ — F) and the decrease of the modal strength.

To investigate the withdrawal-layer thickness, we here introduce a new definition because, as seen from
figure 1Q the upper stagnant region shrinks significantly due to rigid rotation of the system, and diuake
previous definition takes a constant value 1 for most part of the region. Therefore it is defined as the vertical
coordinatez at which the horizontal velocity has dropped to half the valug-a0 (= §1/). This definition was



184 T. Kataoka et al. / Eur. J. Mech. B - Fluids 20 (2001) 167-186

Figure 11. The x dependence af, at time f = 10: (@) (f,n) = (0.02, 1); (b) (0.02, 2); (c) (0.1, 1); (d) (0.1, 2). Broad lines show the numerical
results forF = 0.02 (solid line), 0.05 (chain line), and 0.11 (dashed line). Thin lines show the result by the linear solution (35) with (40) (solid line)
and (45) (dashed line) (note that = —2I). The arrows show the positions of each modal front predicted by (52).
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Figure 12. The time (fr) dependence af; /» at fx = 0.2.

also used by Imberger et al. [8]. figure 12 the time dependence &4/, at fx =0.2 is presented as a function

of f¢. From this figure we see that,, oscillates with an approximate period f = 6, although profiles show
some scatter for larg€'. This oscillation is due to the propagation of the inertial gravity waves. These waves
have the low dimensionless frequency cutfftsee (22)). We can find a good agreement between their period
ft =27 and the oscillation period a2, ft = 6. When the system is not rotating, such an oscillation is not

detected and;,, monotonically asymptotes to a constant valu&/2, which is obtained from the numerical
results forf = 0.
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Figure 13. The fx dependence afy / at time 1 = 10.

Figure 13shows thef x dependence dfy,, at fr = 10. According to this figurej; » increases withfx due
to the effect of rotation. We also see that the gradient of every profile is independengxafept in the close
vicinity of the sink where the nonlinear advective effect is predominant. This indicates that the nonlinear effect
is confined to the close vicinity of the sink, say x;, and the flow forx > x, changes by spreading upstream
of the evanescent disturbances and the inertial gravity waves. Therefore it is expected that the combined effects
of nonlinearity and rotation is represented by summation of these two effects. Thus, we obtain

812=0.9FY? 4+ A(f1) x fx, (53)

where A(f1) is a function of /¢ which represents the variation 6f,> with respect to time caused by the
propagation of the inertial gravity waves. As time increases, this function is expected to asymptote to a final
constant value 1 whose contribution comes from the evanescent disturbances represented by the first term on
the right-hand side of (35). Whefix < FY/2 or fx > FY2,8;,, in (53) agrees with the steady-state thickness

of the corresponding regime, obtained by scaling analysis [24]. However, an important point that should be
noted here is that the transient behavior represented(ify) can have substantial effects on estimating the
withdrawal-layer thickness. For instancé; = 6 corresponds to approximately 16 hours under the earth’s
rotation at middle latitude anéh,, substantially changes its value within that period accordinfigtare 12
Therefore when the withdrawal is continued for a period as the order of several hours, it is essential to consider
the unsteady aspect of the flow caused by the propagation of the inertial gravity waves.

6. Concluding remarks

We have studied the line sink flow of both non-rotating and rotating stratified fluid in a reservoir of finite
depth. The main results of the present study are summarized as follows.

We first considered the case 6f— 0 to obtain the linear asymptotic solution for largeThe obtained
solution is valid for arbitrary and represents the wave nature clearly. Wfiea 0, thenth modal front, whose
amplitude is @1), propagates upstream at the linear long wave spged 1Behind the front, the long wave
and the shorter waves are present. The long wave has its amplitude equal to the boundary value and the shorter
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waves have their amplitude of(©/3:~5/%). When f > 0, thenth modal front, whose amplitude decreases as
t~Y/3, propagates upstream at the speed smaller than 1Behind the front, the longer and the shorter waves

are present and their amplitudes arex©*?) and Qx/3:~/6), respectively. In the vicinity of the sink, the
evanescent disturbances are present with its amplitude decreasing exponentially with a distance from the sink.

Next, numerical calculations were made to clarify the effect of nonlinearity on the mode propagation. The
modal strength decreases Bsncreases for a given modal number. All the first modes and any mode in the
regionx > (7 )~ can be well described by the linear solution if we incorporate the following two effects of
F > 0, that is, the slower propagation speed due to the average flow velecityr() and decrease of the modal
strength. Whery = 0, the higher modes were found to be well described by the approximate theory of Clarke
and Imberger [17].

Finally, we have examined the withdrawal-layer thickness. Every time the higher columnar modes arrive,
in the case off = 0, the thickness asymptotes to some constant value which is smaller than the result of the
previous studies. The difference is attributed to small viscosity that prevents the higher modes from propagating
upstream. Whery > 0, the withdrawal-layer thickness oscillates with an approximate perioft ef 6 due
to propagation of the inertial gravity waves. It was suggested that this unsteadiness can be important factor in
estimating the withdrawal-layer thickness.
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